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ABSTRACT ~ 
U s i n g  t h e  p l a t e  bending t h e o r y  deve loped  by R e i s s n e r ,  t h i s  
- 
p a p e r  i s  concerned  w i t h  t h e  i n f l u e n c e  o f  p l a t e  t h i c k n e s s  on t h e  
b e n d i n g  s t r e s s  d i s t r i b u t i o n  n e a r  t h e  s i n g u l a r  c r a c k  p o i n t  f o r  two 
b a s i c  g e o m e t r i e s .  These a r e  t h e  i n t e r n a l  o r  f i n i t e  c r a c k  and t h e  
e x t e r n a l  o r  s e m i - i n f i n i t e  c r a c k s  i n  a p l a t e  o f  i n f i n i t e  e x t e n t .  
The boundary p r o b l e m s  a r e  f o r m u l a t e d  by means o f  F o u r i e r  s i n e  or 
c o s i n e  t r a n s f o r m s  and t h e n  r educed  t o  sys t ems  o f  d u a l  i n t e g r a l  
+--- - 
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e q u a t i o n s .  The b e h a v i o r  o f  t h e  l o c a l  s t r e s s e s  i s  governed by a I 
s i n g l e  Fredholm i n t e g r a l  e q u a t i o n  o f  t h e  second k i n d  which can  be 
~ 
s o l v e d  n u m e r i c a l l y .  I t  i s  found t h a t  t h e  bending s t r e n g t h s  o f  
c r a c k e d  p l a t e s  g e n e r a l l y  d e c r e a s e  as  t h e  p l a t e  t h i c k n e s s  i n c r e a s e s  
from z e r o  t o  some f i n i t e ,  b u t  s m a l l ,  v a l u e .  T h i s  i s  ev idenced  by 
. - -. ~ ~ 
t h e  h i g h  e l e v a t i o n  of t h e  i n t e n s i t y  o f  t h e  -- l o c a l  s t r e s s e s  ._ - . a s  t h e  
r a t i o  o f  p l a t e  t h i c k n e s s  t o  c r a c k  (o r  b o n d )  l e n g t h  i s  p e r t u r b e d  
s l i g h t l y  from z e r o .  In  p a r t i c u l a r ,  m o m e n t - i n t e n s i t y  f a c t o r ,  
- - -  _.  __ 
which gove rns  t h e  magnitude o f  t h e  moment d i s t r i b u t i o n  around t h e  
c r a c k  t i p ,  i s  d e f i n e d .  Such a f a c t o r  has  been known i n  f r a c t u r e  
mechanics  t o  d e t e r m i n e  t h e  o n s e t  o f  r a p i d  c r a c k  e x t e n s i o n  i n  
I 
b r i t t l e  m a t e r i a l s .  
'This  i n v e s t i g a t i o n  was c a r r i e d  o u t  a s  p a r t  of  a r e s e a r c h  program 
sponsoped  by t h e  N a t i o n a l  A e r o n a u t i c s  a n d  Space A d m i n i s t r a t i o n  
u n d e r  Gran t  NGR-39-007-025 w i t h  Lehigh U n i v e r s i t y .  
' A s s i s t a n t  P r o f e s s o r  o f  Mechanics,  Lehigh U n i v e r s i t y ,  Bethlehem, 
P e n n s y l v a n i a .  
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One o f  t h e  b a s i c  r e q u i r e m e n t s  f o r  t h e  s t r e n g t h  a n a l y s i s  o f  
p l a t e s  c o n t a i n i n g  f l a w s  o r  c r a c k s  i s  t h e  k n o w l e d g e  o f  t h e  s i n g u -  
l a r  c h a r a c t e r  o f  t h e  s t r e s s  f i e l d  i n  t h e  n e i g h b o r h o o d  o f  t h e  c r a c k  
p o i n t ,  A p p r o x i m a t e ,  b u t  u s e f u l ,  i n f o r m a t i o n  may be  c o n v e n i e n t l y  
a s s e s s e d  b y  a s s u m i n g  t h e  m a t e r i a l  t o  b e h a v e  e l a s t i c a 1  l y  e v e r y w h e r e  
i n  t h e  p l a t e .  When d e a l i n g  w i t h  p l a t e  g e o m e t r i e s  o f  t h e  d i s c o n -  
t i n u o u s  t y p e  s u c h  a s  t h e  c r a c k - l i k e  c o n f i g u r a t i o n ,  t h e  m a t h e m a t i c a l  
p r o b l e m  i n v o l v e s  t h e  d e t e r m i n a t i o n  o f  s o l u t i o n s  t o  c e r t a i n  d i f f e r -  
e n t i a l  e q u a t i o n s  w i t h  m i x e d  b o u n d a r y  c o n d i t i o n s .  The s o l u t i o n  o f  
s u c h  m i x e d  b o u n d a r y - v a l u e  p r o b l e m s  i s  c o n s i d e r a b l y  m o r e  c o m p l i c a t e d  
t h a n  t h a t  o f  t h e i r  u n m i x e d  c o u n t e r p a r t s .  
I n  r e c e n t  y e a r s ,  s e v e r a l  i n v e s t i g a t o r s  h a v e  d i s c u s s e d  t h e  n a -  
t u r e  o f  t h e  l o c a l  s t r e s s e s  a r o u n d  a s h a r p  c r a c k  i n  a t h i n  p l a t e  
s u b j e c t e d  t o  o u t - o f - p l a n e  b e n d i n g  l o a d s .  Based  o n  t h e  P o i s s o n -  
K i r c h h o f f  t h e o r y  o f  t h i n  p l a t e s  a n d  t h e  t e c h n i q u e  o f  F a d l e  e i g e n -  
4 f u n c t i o n  e x p a n s i o n s ,  W i l l i a m s  [ l ]  f o u n d  t h a t  t h e  e l a s t i c  s t r e s s e s  
n e a r  t h e  t i p  o f  a s e m i - i n f i n i t e  c r a c k  v a r y  as  t h e  i n v e r s e  s q u a r e  
r o o t  o f  t h e  r a d i a l  d i s t a n c e  f r o m  t h e  c r a c k  f r o n t .  H i s  r e s u l t s  
w e r e  n o t  c o m p l e t e  i n  t h a t  t h e  s t r e n g t h  o r  m a g n i t u d e  o f  t h e  l o c a l  
s t r e s s e s  was l e f t  u n d e t e r m i n e d .  I t  was S i h  a n d  R i c e  [2 ,3 ]  who 
l a t e r  c l e a r e d  t h e  way f o r  f i n d i n g  t h e  c o e f f i c i e n t s  i n  t h e  e i g e n -  
f u n c t i o n  e x p a n s i o n s  b y  a p p l i c a t i o n  o f  t h e  t h e o r y  o f  c o m p l e x  f u n c -  
t i o n s .  However ,  s i n c e  t h e  r e s u l t s  i n  [ 1 - 3 ]  w e r e  o b t a i n e d  f r o m  t h e  
‘Numbers i n  b r a c k e t s  d e s i g n a t e  R e f e r e n c e s  a t  e n d  o f  p a p e r .  
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c l a s s i c a l  f o u r t h  o r d e r  t h e o r y  o f  t h i n  p l a t e s ,  t h e  edge  c o n d i t i o n s  
a t  t h e  c r a c k  s u r f a c e s  a r e  s a t i s f i e d  o n l y  i n  a n  a p p r o x i m a t e  manner  
i n  t h a t  t h e  t h r e e  p h y s i c a l l y  n a t u r a l  b o u n d a r y  c o n d i t i o n s  o f  p r e -  
s c r i b i n g  b e n d i n g  moment, t w i s t i n g  moment and  t r a n s v e r s e  s h e a r  
s t r e s s  a r e  r e p l a c e d  b y  t w o  c o n d i t i o n s .  Ow ing  t o  s u c h  a r e p l a c e -  
m e n t ,  t h e  s t r e s s  d i s t r i b u t i o n  i n  t h e  i m m e d i a t e  n e i g h b o r h o o d  o f  
t h e  c r a c k  edges  w i l l  n a t u r a l l y  b e  a f f e c t e d  and w i l l  n o t  be  a c c u -  
r a t e .  
To o v e r c o m e  t h e  a f o r e m e n t i o n e d  s h o r t c o m i n g ,  K n o w l e s  and  Wang 
[4] e m p l o y e d  t h e  s i x t h - o r d e r  t h e o r y  o f  R e i s s n e r  [ 5 ]  a n d  o b t a i n e d  
t h e  c r a c k - t i p  s t r e s s e s  i n  a p l a t e  whose t h i c k n e s s  i s  v a n i s h i n g l y  
s m a l l .  T h e i r  i n g e n i o u s  a n a l y s i s  makes u s e  o f  t h e  t h e o r y  o f  s i n -  
g u l a r  i n t e g r a l  e q u a t i o n s .  However ,  t h e  e x t e n s i o n  o f  t h e  m e t h o d  
i n  [ 4 ]  t o  c r a c k e d  p l a t e s  w i t h  f i n i t e  p l a t e  t h i c k n e s s  d o e s  n o t  
a p p e a r  t o  be  t r a c t a b l e .  
P r e s e n t e d  i n  t h i s  p a p e r  i s  a n o t h e r  m e t h o d  o f  s o l u t i o n  w h i c h  
a l l o w s  t h e  e x a m i n a t i o n  o f  t h e  e f f e c t  o f  p l a t e  t h i c k n e s s  on t h e  
d e t a i l e d  s t r u c t u r e  o f  t h e  b e n d i n g  s t r e s s e s  i n  a r e g i o n  c l o s e  t o  
t h e  c r a c k  f r o n t .  Two b a s i c  p r o b l e m s  a r e  c o n s i d e r e d .  I n  t h e  f i r s t ,  
a n  i n f i n i t e  p l a t e  w i t h  a s t r a i g h t  c r a c k  o f  f i n i t e  l e n g t h  i s  s u b -  
j e c t e d  t o  a l l  a r o u n d  b e n d i n g  a t  i n f i n i t y .  A s p e c i a l  c a s e  o f  t h i s  
p r o b l e m  i s  t h a t  i n  [ 4 ]  when t h e  p l a t e  t h i c k n e s s  becomes v a n i s h i n g -  
l y  s m a l l ,  I n  t h e  second ,  t h e  i n f i n i t e  p l a t e  i s  weakened b y  t w o  
s e m i - i n f i n i t e ,  c o l l i n e a r  c r a c k s  and  i s  b e n t  s y m m e t r i c a l l y  a b o u t  
t h e  b o n d  p l a n e  c o n n e c t i n g  t h e  c r a c k  t i p s .  S t r e s s  s o l u t i o n s  a r e  
c o m p u t e d  and  p l o t t e d  v e r s u s  t h e  r a t i o  o f  p l a t e  t h i c k n e s s  t o  c r a c k  
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I .  
o r  bond  l e n g t h .  
REISSNER'S EQUATIONS 
The d e t a i l e d  f e a t u r e s  o f  t h e  R e i s s n e r  t h e o r y  o f  p l a t e  b e n d i n g  
c a n  be f o u n d  i n  [ 5 ] .  Hence,  o n l y  t h o s e  e q u a t i o n s  w h i c h  a r e  p e r -  
t i n e n t  t o  t h e  p r e s e n t  d i s c u s s i o n  w i l l  be  c i t e d ,  W i t h  r e f e r e n c e  
t o  a s y s t e m  o f  r e c t a n g u l a r  c o o r d i n a t e s  x ,  y, b e n d i n g  and t w i s t i n g  
moments w i l l  b e  d e n o t e d  b y  M x ,  M and  H w h i l e  V x  and  V w i l l  
s t a n d  f o r  t h e  t r a n s v e r s e  s h e a r  s t r e s s  r e s u l t a n t s .  The t r a n s v e r s e  
d e f l e c t i o n  o f  t h e  m i d p l a n e  o f  t h e  p l a t e  i s  w .  I n  t h e  a b s e n c e  o f  
and  V a r e  r e -  l a t e r a l  l o a d s  o n  t h e  f a c e s  o f  t h e  p l a t e ,  w, V x ,  
q u i r e d  t o  s a t i s f y  t h e  d i f f e r e n t i a l  e q u a t i o n s  
Y X Y  Y 
Y 
I -  
Y 
a V X  = - ~ ( s + v 7 ) + 2 k  ax 2 -  
a 2 w  a 2 w  
Mx  a Y  
( 1  02) - k2V2VX = - D - a ( V 2 w )  v X  ax 
( 1  - 3 )  a - k2V2V = - D - ( V 2 w )  
v Y  Y a Y  
i n  w h i c h  D = E h 3 / 1 2 ( 1 - v 2 )  i s  t h e  f l e x u r a l  r i g i d i t y  o f  t h e  p l a t e  
w i t h  E b e i n g  t h e  Y o u n g ' s  m o d u l u s ,  h t h e  p l a t e  t h i c k n e s s ,  a n d  v 
t h e  P o i s s o n ' s  r a t i o .  The L a p l a c i a n  o p e r a t o r  v 2  i n  t w o - d i m e n s i o n s  
i s  a 2 / a x 2  + a2/ay2 and k 2  = h 2 / 1 0 ,  a r e  known,  
t h e  moments may be  f o u n d  f r o m  
Once w ,  V x ,  a n d  V 
Y 
- 4 -  
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I .  
a V  a v X  a 2 w  - -  + k 2  (- + $) 
a Y  - ( 1 - 4  D axay HxY ( 2 . 3 )  
a n d  t h e  a v e r a g e  r o t a t i o n s  P , ,  6 
g i v e n  b y  
a b o u t  t h e  y -  and  x - a x e s  a r e  
Y 
I n  t h e  s e q u e l ,  t h e  m i d p l a n e  o f  t h e  p l a t e  w i l l  a l w a y s  o c c u p y  
t h e  x y - p l a n e  w i t h  t h e  z - a x i s  b e i n g  n o r m a l  t o  t h e  p l a t e  s u r f a c e .  
On a t y p i c a l  edge  o f  t h e  p l a t e ,  s a y  x = 0, i t  i s  p o s s i b l e  t o  
s p e c i f y  o n e  member o f  e a c h  o f  t h e  p a i r s  
M o r e o v e r ,  i f  t h e  p r o b l e m  p o s s e s s e s  s y m m e t r y  a b o u t  t h e  x z - p l a n e ,  
t h e  c o n d i t i o n s  
= V y  = 0 , f o r  y = 0 By - H x y  ( 5 )  
- 
m u s t  be  f u l f i l l e d .  
FORMULATION OF THE PHYSICAL PROBLEM 
L e t  an i n f i n i t e  p l a t e  o f  c o n s t a n t  t h i c k n e s s  h b e  c u t  a l o n g  
c e r t a i n  s t r a i g h t  s e g m e n t s  b e l o n g i n g  t o  t h e  y z - p l a n e  and  be  s u b -  
j e c t e d  t o  b e n d i n g  l o a d s  i n  s u c h  a way t h a t  t h e  p r o b l e m  i s  sym- 
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m e t r i c  w i t h  r e s p e c t  t o  b o t h  t h e  x z -  and  y z - p l a n e s .  Then, o n  
t h e  u n c u t  p o r t i o n  o f  t h e  p l a t e  i n  t h e  y z - p l a n e ,  t h e  s y m m e t r y  
c o n d i t i o n s  
B, - H x y  = V, = 0 , f o r x  = 0 
may b e  e n f o r c e d .  S i n c e  t h e  e d g e s  o f  t h e  c u t  a r e  t o  b e  f r e e  f r o m  
t w i s t i n g  moment and t r a n s v e r s e  s h e a r ,  t h e  l a s t  t w o  c o n d i t i o n s  
a p p l y  i n  t h e  e n t i r e  y z - p l a n e ,  i . e . ,  
f o r  a l l  v a l u e s  o f  y .  
N O W ,  t h e  y - d e p e n d e n c e  i n  eqs ,  ( 1 . 1 )  t h r o u g h  ( 3 . 2 )  may b e  
r e m o v e d  b y  s u b j e c t i n g  a l l  t h e s e  e q u a t i o n s  t o  e i t h e r  t h e  F o u r i e r  
s i n e  o r  c o s i n e  t r a n s f o r m  i n  y a c c o r d i n g  t o  w h e t h e r  t h e  f u n c t i o n  
t r a n s f o r m e d  i s  o d d  o r  e v e n  i n  y. Assumed t o  b e  s a t i s f i e d  a r e  
t h e  r e g u l a r i t y  c o n d i t i o n s  s u c h  as  t h a t  t h e  d i s p l a c e m e n t s ,  e t c .  
a r e  bounded  a s  x 2  + y 2  + m .  I n  t h i s  way, t h e  r e s u l t i n g  o r d i n a r y  
d i f f e r e n t i a l  e q u a t i o n s  may b e  s o l v e d  w i t h o u t  d i f f i c u l t y .  A p p l y -  
i n g  t h e  s y m m e t r y  c o n d i t i o n s ,  eq. (5), t h e  s o l u t i o n  i n  t h e  t r a n s -  
f o r m e d  d o m a i n  may be  w r i t t e n  as  
~ 
~ 
~ Z D W '  = e -" A ( a ) [ a x  + B ( a ) I  
a ( 1 - v ) ~ ~ ;  = e - a x  { A ( a ) [ ( l - v ) ( a x  + B ( a )  - 1 )  - 4 k 2 a 2 ]  
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a ( l - v ) D B S  = e - a x  { A ( a ) [ ( l - v ) ( a x  + B ( a ) )  - 4 k 2 a 2 ]  
Y 
+ 4 k 2 a 2  s ( a k )  p ( x , a )  C(a)) 
and  
= e-"' { A ( a ) [ 2  + 4 k 2 a 2  - ( 1 - v ) ( a x  + B ( a ) ) ]  
M X  
- 4 k 2 a 2  s ( a k )  P ( X , ~ )  C(a)) 
{ A ( a ) [ 2 ~  - 4 k 2 a 2  + ( l - v ) ( a X  + B ( a ) ) ]  -ax  M; = e 
+ 4 k 2 a 2  s ( a k )  p ( x , a )  C(a)) 
= e - a x  { A ( a ) [ 4 k 2 a 2  - ( l - v ) ( a x  + B(a) - l ) ]  HEY 
(7.3) 
i n  w h i c h  
1 
The s u p e r s c r i p t s  c and s a r e  i n t r o d u c e d  t o  d e n o t e ,  r e s p e c t i v e l y ,  
t h e  c o s i n e  and  s i n e  t r a n s f o r m s  o f  t h e  f u n c t i o n  u n d e r  c o n s i d e r a t i o n .  
F o r  i n s t a n c e ,  
OD 
w ' ( x , ~ )  = J W ( X , Y )  C O S  ay d y  
0 
-7- 
i s  t h e  c o s i n e  t r a n s f o r m  o f  t h e  d e f l e c t i o n  w ( x , y ) ,  and 
i s  t h e  s i n e  t r a n s f o r m  o f  t h e  a v e r a g e  r o t a t i o n  B ( x , y ) .  Once 
t h e  unknown f u n c t i o n s  A(a), B(a) and C ( a )  a r e  d e t e r m i n e d  i n  t h e  
t r a n s f o r m e d  domain,  t h e  a p p r o p r i a t e  i n v e r s i o n s ,  i . e o ,  f o r  example ,  
Y 
m 
w C ( x , a )  C O S  ay d a  2 W ( X , Y )  = ; I
0 
may be used t o  c o n v e r t  t h e  s o l u t i o n  i n t o  t h e  p h y s i c a l  domain. 
Taking t h e  t r a n s f o r m  of eq.  (6), i . e . ,  
Hxy(o , a )  S = V X ( o , a )  C = 0 
and a p p l y i n g  t h e s e  c o n d i t i o n s  t o  e q s .  ( 8 . 3 )  and ( 8 , 4 )  y i e l d  
A(a) = C ( a )  , B(a) = - ( l t v ) / ( l - v )  
Hence, e q s .  ( 7 . 1 )  t o  ( 8 . 5 )  may be e x p r e s s e d  i n  t e r m s  of  a s i n g l e  
unknown A ( a )  a s  
a ( 1 - v ) ~ ~ ;  = e - a x  A ( a )  ( ( 1 - v ) a x  - 2 - 4 k 2 a 2  [ l  - p ( x , a ) ] )  
( 9 . 2 )  
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A ( a )  ( ( 1 - v ) a x  - ( I + . )  a ( l - v ) D B i  = e -ax  
- 4k2a2  [ l  - s ( a k )  p ( x , a ) ] )  
and 
+ 4k2a2  [1 - s ( a k )  p ( x , a ) ] )  
( 9 . 3 )  
( 1 0 . 1 )  
A(a )  { ( l - v ) ( l - a x )  -ax e Mi - -   
+ 4k2a2  [1 - s ( a k )  P ( x , ~ ) ] )  ( 1 0 . 2 )  
H' = e -ax  A(a )  { -  ( 1 - v ) a x  + ( 2  + 4 k 2 a 2 )  [ l  - p ( x , a ) ] )  ( 1 0 . 3 )  
X Y  
v X  = 2ae-"' A ( a )  [ p ( x , c r )  - 1 1  ( 1 0 . 4 )  
( 1 0 . 5 )  
The f u n c t i o n  A(a)  can be e v a l u a t e d  from t h e  s i n g l e  r ema in ing  
boundary c o n d i t i o n  o f  s p e c i f y i n g  e i t h e r  M x  o r  13, on t h e  edge 
x = 0 .  T h i s  w i l l  be done i n  t h e  s u b s e q u e n t  s e c t i o n s .  
SINGLE INTERNAL C R A C K  
S u p p o s e  t h a t  a t h i n  p l a t e  c o n t a i n i n g  a c r a c k  o f  l e n g t h  2 a ,  
F i g .  1 ,  i s  b e n t  by uniform moment o f  i n t e n s i t y  M o  a t  i n f i n i t y .  
The s o l u t i o n  t o  t h i s  problem may be o b t a i n e d  by j u d i c i o u s l y  
s u p e r p o s i n g  t h e  s i m p l e  s o l u t i o n  o f  an unc racked  p l a t e  unde r  u n i  
form bending  t o  t h a t  o f  a c r a c k e d  p l a t e  w i t h  bending  moment ap- 
p l i e d  t o  t h e  c r a c k  s u r f a c e s .  T h u s ,  i t  s u f f i c e s  t o  s o l v e  t h e  
-9- 
p r o b l e m  o f  s p e c i f y i n g  u n i f o r m  moment Mo o n  t h e  segmen t  x = 0, 
I y l < a  o f  t h e  p l a t e .  R e f e r r i n g  t o  F i g .  1 ,  t h e  c o n d i t i o n s  t o  b e  
s a t i s f i e d  o n  x = 0 a r e  
Because  o f  symmet ry  w i t h  r e s p e c t  t o  t h e  x z - p l a n e ,  i t  c a n  b e  e a s i l y  
d e d u c e d  f r o m  eqs .  ( 9 . 2 )  a n d  ( 1 0 . 1 )  t h a t  A 1 ( a )  s a t i s f i e s  t h e  p a i r  
o f  d u a l  i n t e g r a l  e q u a t i o n s  
I 1 - A 1 ( a )  C O S  cry d a  = 0 , y > a 
o a  
m 
A 1 ( a )  t ( c r k )  C O S  cry da  = $ M o  , y < a 
0 
w h e r e  t h e  f u n c t i o n  t ( a k )  s t a n d s  f o r  
(12 .1 )  
( 1 2 . 2 )  
t ( p )  = 3+v + 4 p 2  [l - s ( p ) l  
The o b j e c t i v e  h e r e  i s  t o  r e d u c e  t h e  s i m u l t a n e o u s  s y s t e m  o f  
d u a l  i n t e g r a l  e q u a t i o n s  t o  a s i n g l e  i n t e g r a l  e q u a t i o n  i n v o l v i n g  
o n e  unknown f u n c t i o n .  T h i s  c a n  b e  a c c o m p l i s h e d  b y  f i r s t  d e f i n i n g  
2 " l  
u ( y )  = cc A 1 ( a )  c o s  cry d a  , y < a 
0 
( 1 3 )  
I n  v i e w  o f  eq.  ( 1 2 . 1 ) ,  t h e  F o u r i e r  i n v e r s i o n  t h e o r e m  [ 6 ]  g i v e s  
-1 0- 
a 1 - AI(") = J U ( Y )  C O S  ~ l y  d a  
a 
0 
E q u a t i o n  ( 1 4 )  may b e  s u b s t i t u t e d  i n t o  t h e  i n t e g r a t e d  e x p r e s s i o n  
o f  eq, ( 1 2 , 2 )  and t h e  p r o b l e m  r e d u c e s  t o  t h e  d e t e r m i n a t i o n  o f  
t h e  f u n c t i o n  u ( y )  s u c h  t h a t 5  
a n d  
As a d e p a r t u r e  f r o m  t h e  m e t h o d  o f  s o l u t i o n  e m p l o y e d  i n  [ 4 ] ,  
t h e  d e t e r m i n a t i o n  o f  t h e  b e h a v i o r  o f  u ( y )  n e a r  t h e  e n d p o i n t s  o f  
t h e  c r a c k  w i l l  b e  somewhat  g u i d e d  b y  t h e  s o l u t i o n  o f  t h e  a n a l o g o u s  
c r a c k  p r o b l e m  i n  c l a s s i c a l  p l a t e  t h e o r y .  I n  t h e  c l a s s i c a l  t h e o r y ,  
t h e  s i n g u l a r  c h a r a c t e r  o f  t h e  s t r e s s e s  a r i s e s  f r o m  t h e  s o l u t i o n  
T h e r e f o r e ,  i t  i s  p l a u s i b l e  t o  a d m i t  i n  t h e  m o d i f i e d  t h e o r y  t h e  
r e p r e s e n t a t i o n  
'If t h e  o r d e r  o f  i n t e g r a t i o n  w e r e  r e v e r s e d ,  eq. ( 1 5 . 1 )  w o u l d  be-  
come a s i n g u l a r  i n t e g r a l  e q u a t i o n  as i n  [ 4 ] .  
- 1 1 -  
so  t h a t  i n  t h e  l i m i t  a s  y+a,  u ( y )  becomes 
where t h e  l e a d i n g  term p r e s e r v e s  t h e  y-dependence  o f  t h e  c l a s s i c a l  
s o l u t i o n ,  u ( y ) .  Note t h a t  t h e  r e p r e s e n t a t i o n ,  eq.  ( 1 6 ) ,  i s  a 
s p e c i a l  c a s e  o f  A b e l ' s  i n t e g r a l  e q u a t i o n  [ 7 ]  whose s o l u t i o n  i s  
* 
, t < a  2 7 u ' ( y )  dy q ( t )  = - - 
T t  4j7-=F 
U p o n  s u b s t i t u t i o n  o f  eq. ( 1 6 )  i n  ( 1 5 . 1 )  and use of  t h e  i d e n -  
t i t y  [8] 
t 
dy = J o ( a t )  
0- 
where J o  i s  t h e  u s u a l  z e r o - o r d e r  Besse l  f u n c t i o n  o f  t h e  f i r s t  
k i n d ,  eq.  ( 1 5 . 1 )  becomes 
03 a 
$ ( t )  t d t  1 t ( a k )  J o ( a t )  s i n  ay d a  = Mo y y < a ( 1  9) 
0 0 
Now, l e t  
such t h a t  t ( p )  may be e x p r e s s e d  a s  
-1 2-  
Making u s e  o f  eq .  ( 2 0 )  a n d  t h e  known r e s u l t  [8]  
OD 0 Y Y < t  
0 ( y 2 4 2 ) '  5, y > t 
I J o ( a t )  s i n  ay d a  = { 1 
i t  i s  p o s s i b l e  t o  p u t  eq.  ( 1 9 )  i n  t h e  form 
which c o i n c i d e s  w i t h  a s p e c i a l  c a s e  o f  A b e l ' s  i n t e g r a l  e q u a t i o n .  
From a r e l a t i o n s h i p  s i m i l a r  t o  t h a t  between e q s .  ( 1 6 )  a n d  ( 1 8 ) ,  
eq .  ( 2 1 )  can be t r a n s f o r m e d  t o  
I n t r o d u c i n g  t h e  d i m e n s i o n l e s s  q u a n t i t i e s  
t h e  Fredholm i n t e g r a l  e q u a t i o n  
i s  o b t a i n e d .  The ke rne l  F ( E , r l )  i s  g i v e n  by 
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Another  form o f  F ( < , Q )  t h a t  i s  more amenable  t o  numer i ca l  c a l c u -  
l a t i o n  i s  
s i n c e  t h e  f u n c t i o n  
where C = [ 2 ( l + v ) ] - l ,  n 2  = 1 / 2  a n d  hence t h e  i n t e g r a l  i n  eq. 
( 2 4 )  conve rges  r a p i d l y .  
Besse l  f u n c t i o n s  o f  t h e  f i r s t  and second k i n d s ,  r e s p e c t i v e l y .  
In  e q ,  ( 2 4 ) ,  I o  a n d  KO a r e  t h e  m o d i f i e d  
I t  i s  c l e a r  t h a t  @ ( c )  f u l l y  d e t e r r i n e s  t h e  s o l u t i o n  o f  t h e  
problem. From eq .  ( 1 6 ) ,  t h e  f u n c t i o n  u ( y )  may be found :  
I n s e r t i n g  eq.  ( 2 5 )  i n t o  eq .  ( 1 4 ) ,  t h e  o n l y  u n k n o w n  i n  e q s .  ( 9 . 1 )  
t h r o u g h  ( 1 0 . 5 )  i s  o b t a i n e d :  
-14 -  
The s o l u t i o n  o f  t h e  problem has  now been t a k e n  t o  a p o i n t  a t  which 
t h e  moments, s h e a r  r e s u l t a n t s ,  e t c .  i n  t h e  p l a t e  may be computed 
once ~ ( 5 )  i s  e v a l u a t e d  from e q .  ( 2 3 ) .  Such a t a s k  can be b e s t  
performed on an e l e c t r o n i c  computer .  The numer ica l  v a l u e s  of  @ ( c )  
w i l l  be r e p o r t e d  l a t e r  on. 
I t  s h o u l d  be p o i n t e d  o u t  t h a t  t h e  conve rgence  of  t h e  i n t e g r a l  
i n  eq.  ( 2 4 )  becomes i n c r e a s i n g l y  s l o w e r  a s  x t a k e s  on s m a l l e r  
v a l u e s .  However, i n  t h e  l i m i t  as A + O ,  t h e  r e s u l t s  s i m p l i f y  con-  
s i d e r a b l y  s i n c e  
where 6 ( p )  i s  t h e  Di rac  d e l t a  g e n e r a l i z e d  f u n c t i o n .  T h u s ,  f o r  
v a n i s h i n g l y  t h i n  p l a t e s ,  t h e  c l a s s i c a l  r e s u l t s  
a r e  r e c o v e r e d .  
TWO E X T E R N A L  C R A C K S  
The problem o f  two s e m i - i n f i n i t e  p l a t e s  bonded t o g e t h e r  a long  
-1 5- 
a s t r a i g h t  l i n e  segmen t  o f  l e n g t h  2a as  shown i n  F i g .  2 may b e  
s o l v e d  i n  t h e  same way. The u n b o n d e d  p o r t i o n s  o f  t h e  j o i n e d  
p l a t e s  may be  v i e w e d  as  t w o  s e m i - i n f i n i t e  c r a c k s .  To p r e s e r v e  
a f i n i t e  b e n d i n g  moment a c r o s s  t h e  b o n d  l i n e  d e s c r i b e d  b y  x = 0, 
I y l < a ,  t h e  moment a t  i n f i n i t y  m u s t  f a l l  t o  z e r o .  The c o n d i t i o n s  
f o r  x = 0 a r e  
F o r  t h e  p r e s e n t  f o r m u l a t i o n ,  i t  i s  m o r e  c o n v e n i e n t  t o  e x p r e s s  t h e  
c o n d i t i o n ,  eq. ( 2 8 , 1 ) ,  as  
* 
I n  a d d i t i o n ,  t h e  r e s u l t a n t  moment M t r a n s m i t t e d  t o  t h e  b o n d  l i n e  
f r o m  e a c h  h a l f  o f  t h e  p l a t e  m u s t  b e  s p e c i f i e d ,  i . e o ,  
By a p p l i c a t i o n  o f  eqs .  ( 9 , Z )  and ( l C l . l ) ,  t h e  c o n d i t i o n s  e x p r e s s e d  
b y  eqs .  ( 2 8 , 2 )  a n d  ( 2 9 )  become 
m 
A 2 ( a )  t ( a k )  C O S  ay da = 0 , y > a 
0 
W 
A 2 ( a )  s i n  ay d a  = 0 , y < a 
0 
( 3 1  .l) 
( 3 1 . 2 )  
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S i m i l a r l y ,  eq .  ( 3 0 )  t a k e s  t h e  form 
00 
1 *  a - 2 I dy I A 2 ( a )  t ( a k )  C O S  ay d a  = 7 M 
0 0 
?I 
From t h e  p a i r  o f  dual  i n t e g r a l  e q u a t i o n s  g iven  by e q s .  ( 3 1 , l )  
and ( 3 1 . 2 ) ,  s u b j e c t  t o  t h e  c o n d i t i o n  eq .  ( 3 2 ) ,  t h e  unknown f u n c -  
t i o n  A2(a) i s  f u l l y  de t e rmined .  
P roceed ing  as  i n  t h e  problem o f  a s i n g l e  c r a c k ,  a new f u n c -  
t i  on 
m 
2 V ( Y )  = ; I A 2 ( a )  t ( a k )  C O S  ay d a  
0 
i s  d e f i n e d  such  t h a t  t h e  F o u r i e r  i n v e r s i o n  theorem y i e l d s  
a 
A 2 ( a )  t ( a k )  = I V ( Y )  C O S  ay dy 
0 
because  v ( y )  = 0 f o r  y > a  a s  demanded by eq.  ( 3 1 . 1 ) 0  I t  f o l l o w s  
t h a t  eq .  ( 3 2 )  may b e  s i m p l i f i e d :  
E l i m i n a t i n g  t h e  f u n c t i o n  A 2 ( a )  i n  eq.  ( 3 1 . 2 ) ,  t h e  unknown i n  t h e  
problem changes  t o  v ( y )  governed by 
( 3 4 . 1 )  
a n d  
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To r e s t r i c t  t h e  n a t u r e  o f  t h e  moment s i n g u l a r i t i e s  a t  t h e  
c r a c k  t i p s ,  v ( y )  i s  t aken  a s  
0 
V ( Y >  = f 
( 3 5 . J )  
( 3 5 . 2 )  
which s a t i s f i e s  eq .  ( 3 4 . 2 )  a u t o m a t i c a l l y .  Be fo re  t h e  r ema in ing  
c o n d i t i o n s  can be e x p r e s s e d  i n  t e rms  of  $ ( t ) ,  i t  i s  n e c e s s a r y  t o  
c a l  cul  a t e  
a 
A 2 ( c r )  t ( c i k )  = I V ( Y )  C O S  ay  dy 
0 
P u t t i n g  cr = 0 i n  eq .  ( 3 6 )  a n d  i n s e r t i n g  t h e  r e s u l t  s u b s e q u e n t l y  
i n t o  eq .  ( 3 3 )  g i v e  
a 
y = [ l  + 1 + ( t )  d t ] ”  
0 
( 3 7 )  
Under t h e s e  c o n s i d e r a t i o n s ,  eq. ( 3 4 . 1 )  f u r t h e r  r e d u c e s  t o  
-1 8-  
J o ( a a )  a to Jobt) 
s i n  aa d a  + $ ( t )  d t  to s i n  ay d a  = 0 
0 J W  0 0 
The abo,ve i n t e g r a l  e q u a t i o n  may now b e  t r a n s f o r m e d  t o  a s p e c i a l  
c a s e  o f  A b e l ' s  i n t e g r a l  e q u a t i o n  b y  i n t r o d u c i n g  t h e  f u n c t i o n  
1 
= O ( $  Y h ( P )  = 1 - ~t(p) 1 + v  = (-) 2 S(P1-1 s ( p )  - L  ( 1  - v )  / ( 3 + v )  ] 3+v  
i n t o  eq, ( 3 8 ) .  The r e s u l t  i s  
m Y 
+ ( t )  d t  = I h ( a k )  J 0 ( a a )  s i n  ay da 
0- 0 
a m 
0 0 
+ + ( t )  d t  I h ( a k )  J o ( a t )  s i n  ay d a  y < a 
f r o m  w h i c h  $ ( t )  i s  o b t a i n e d  [7]: 
a 
+ ( t )  = G l ( t y a )  + 1 G l ( t y d  +(d d-r t < a 
0 
w h e r e  
m 
G 1 ( t y ~ )  = t a h ( a k )  J o ( a t )  J o ( a ~ )  d a  
0 
T h e  d i m e n s i o n l e s s  n o t a t i o n  
( 3 9 )  
-1 9- 
c a r r i e s  eq.  ( 3 9 )  i n t o  
i n  which 
When 5 and rl a r e  n o t  z e r o  s i m u l t a n e o u s l y ,  t h e  i n t e g r a n d  i n  eq .  
( 4 1 )  i s  O ( l / s  3 / 2 )  a s  s- a n d  hence t he  i n t e g r a l  c o n v e r g e s ,  O n  
t h e  o t h e r  h a n d ,  i f  b o t h  C. and 0 a r e  z e r o ,  t h e  i n t e g r a n d  i s  O ( l / s )  
as s- a n d  t h e  i n t e g r a l  d i v e r g e s .  F o r  t h e  pu rpose  of  f i n d i n g  t h e  
s i n g u l a r  p a r t  o f  t h e  i n t e g r a l  i n  s u b s e q u e n t  work and i n c r e a s i n g  
t h e  r a t e  o f  conve rgence  o f  t h e  numer ica l  e v a l u a t i o n  o f  eq .  ( 4 1 ) ,  
t h e  i d e n t i t y  
w i l l  be used t o  p u t  t h e  ke rne l  G ( c . , ~ )  i n  t h e  form 
where C = [ 2 ( 1 + ~ ) ] - '  a s  b e f o r e  and m 2  = ( 2 + ~ ) / [ 2 ( l + ~ ) ] .  
f u n c t i o n  q ( p )  i s  o b t a i n e d  by comparing t h e  L a u r e n t  s e r i e s  expan-  
s i o n s  of h ( p )  and C / ( p 2 + m 2 ) ,  i . e . ,  
The 
-20- 
I n  t e r m s  o f  t h e  s o l u t i o n ,  ~ ( s ) ,  o f  t h e  F r e d h o l m  e q u a t i o n ,  
eq. ( 3 5 . 2 )  g i v e s  
a n d  A2(a) i s  o b t a i n a b l e  f r o m  eq, ( 3 6 )  a s  
i n  w h i c h  y i s  
T h e  p r o b l e m  i s  e s s e n t i a l l y  s o l v e d  s i n c e  Y ( E )  c a n  be  f o u n d  numer -  
i c a l l y .  Once t h i s  i s  done ,  t h e  s t r e s s e s  a n d  d i s p l a c e m e n t s  e v e r y -  
w h e r e  i n  t h e  p l a t e  may b e  c a l c u l a t e d .  
Some i n s i g h t  i n t o  t h e  s o l u t i o n  f o r  s m a l l  v a l u e s  o f  x c a n  be 
g a i n e d  b y  c o n s i d e r i n g  t h e  l i m i t i n g  c a s e  o f  t h i n  p l a t e s .  When 
X + O ,  i t  i s  n o t  d i f f i c u l t  t o  show t h a t  
I n  t h i s  c a s e ,  t h e  s o l u t i o n  o f  eq.  ( 4 0 )  i s  
- 2 1  - 
W i t h  y = ( 1 + v ) / ( 3 + v ) ,  t h e  f u n c t i o n s  v ( y )  and A 2 ( a )  s i m p l i f y  t o  
* * 
STRESS DISTRIBUTION N E A R  SINGULAR C R A C K  POINTS 
The d i s t r i b u t i o n  o f  s t r e s s  i n  t h e  v i c i n i t y  o f  a s h a r p  c r a c k  
p l a y s  an i m p o r t a n t  r o l e  i n  t h e  e x a m i n a t i o n  o f  t h e  s t a b i l i t y  be- 
h a v i o r  of  p l a t e s  weakened by f l a w s .  Wi thout  go ing  i n t o  t h e  de -  
t a i l s  o f  t h e  t h e o r y  of b r i t t l e  f r a c t u r e ,  which can be found i n  
t h e  work o f  I r w i n  [9] ,  i t  i s  p e r t i n e n t  t o  f i n d  t h e  s i n g u l a r  p a r t  
of  t h e  s o l u t i o n .  
F i r s t ,  c o n s i d e r  t h e  problem o f  a p l a t e  w i t h  a f i n i t e  c r a c k  
unde r  uni form bend ing ,  F i g .  1 .  From e q ,  ( 2 6 ) ,  i t  i s  s e e n  t h a t  
t h e  s i n g u l a r  p a r t  o f  t h e  s o l u t i o n  depends o n l y  o n  t h e  f i r s t  t e rm 
f o r  A 1 ( a ) ,  i . e . ,  
nMOa 
A+ = 2(l+uJ- Q ( 1 )  J l ( a a )  + - - -  
Moreover ,  t h e  f u n c t i o n s  s ( p )  and p ( x , a )  i n  e q s .  ( 8 , l )  t o  ( 8 . 5 )  
can  be expanded i n  Lauren t  s e r i e s  t o  g i v e  
- 2 2 -  
1 2 HX) - 6 1  x 1  x 2 1  X B R F ' V B l T t  l? p(x,a) = 1 - F ;  + 
1 1 2 [(;I - 241 7 + O ( p )  3 as a + X2 384kb + 
Under these considerations, the transforms of the moments and 
shear resultants in eqs. (8.1) to (8.5) become 
nMOa 
c -  @(I) emax J,(aa) [(l+v)ax + (l+v) Mx - 
(47.1) 
nMOa c -  @(I) e-"' J,(ua) [(l+v)ax - (l+v) My - - 2(l+v7 
- X2 + O(; ) l  1 (47.2) 
(47.4) 
(47.5) 
Defining the polar coordinates r, R1, R 2 ,  e ,  e l ,  e 2  as shown in 
Fig. 1 ,  and making use o f  the Bessel integral-identities 
sin cos 
( R ~ R ~ ) ~ ' ~  sin 
3 
2 
m 
c 1 - (e1+e2) a -ax Jl(aa) . [ 1 aY da = - I ae 
cos 0 
-23- 
e t c . ,  e q s .  ( 4 7 . 1 )  t o  ( 4 7 . 5 )  c a n  b e  e a s i l y  i n v e r t e d  i n t o  t h e  
p h y s i c a l  d o m a i n :  
- 6 )  @ ( l ) M o a  r e 1 + 6 2  
q a  2 
[- c o s  ( - Mx - - 
a x  s i n  7 3 ( e l  + e,)] + o ( 1 )  + -  
R 1  R 2  
- e )  M = -  @ ( l ) M o a  [- r c o s  ( + e 2  
Y m a  2 
( 4 8 . 1 )  
( 4 8 . 2 )  
@ ( l ) M o a  a x  3 
X Y  4- R1 R 2  2 
H = -  [- c o s  - ( e l  + e,)] + O ( 1 )  ( 4 8 . 3 )  
= 0 ( 1 )  a s  R 1 R 2  -f 0 ( 4 8 . 4 )  - "x - "y 
I t  i s  u s e f u l  t o  o b t a i n  e x p l i c i t l y  t h e  s i n g u l a r  c h a r a c t e r  o f  t h e  
m o m e n t s  n e a r  a c r a c k  t i p ,  s a y  ( o , a ) .  
( 4 8 . 4 )  f u r t h e r  r e d u c e  t o  
As  R2+0, e q s ,  ( 4 8 . 1 )  t o  
K1 1 3 O2 
4 2 q  2 2 2 
[ c o s  - + - s i n  6 2  s i n  - e 2 ]  + O ( 1 )  - M x  - - -  
K, 6, 1 3 
I L M = - -  [ c o s  - - - s i n  6 2  s i n  - 6 2 1  + O ( 1 )  
Y d? 2 2 2 
( 4 9 . 1  ) 
( 4 9 . 2 )  
-24-  
K, 1 3 
., [- s i n  e 2  cos - e 2 ]  + O ( 1 )  I - - - -  
H X Y  4 7 q  2 2 
( 4 9 , 3 )  
v x  .= vy = 0 ( 1 )  , a s  R 2  -f 0 ( 4 9 . 4 )  
i n  which t h e  s h e a r  r e s u l t a n t s  remain f i n i t e  a t  t h e  c r a c k  t i p .  
T h i s  i s  i n  c o n t r a s t  t o  t h e  c l a s s i c a l  s o l u t i o n  [ l ]  where V, - 
= O(R-3/2) a s  R2+0. 
p l a t e s ,  eq.  ( 2 7 )  g ives  
- v Y  
F o r  t h e  s p e c i a l  c a s e  o f  v a n i s h i n g l y  t h i n  
- l + v  
K1 - 3+v M, 4z 
and eqs.  ( 4 9 )  a g r e e  w i t h  t h o s e  o b t a i n e d  by Knowles and Wang [4]. 
In g e n e r a l ,  t h e  pa rame te r  K 1 ,  which c o n t r o l s  t h e  i n t e n s i t y  
o f  t h e  l o c a l  s t r e s s  f i e l d ,  d e p e n d s  o n  t h e  p l a t e  t h i c k n e s s  h and 
P o i s s o n ' s  r a t i o  v t h rough  ~ ( 1 )  a s  
whose c r i t i c a l  v a l u e  h a s  been k n o w n  t o  d e t e r m i n e  t h e  o n s e t  of  
r a p i d  c r a c k  p r o p a g a t i o n  [9].  The v a r i a t i o n  o f  ~ ( 1 )  w i t h  
A = h / ( a m )  i s  computed n u m e r i c a l l y  by s o l v i n g  t h e  Fredholm i n -  
t e g r a l  e q u a t i o n  g i v e n  by eq. ( 2 3 ) .  The r e s u l t s  a r e  shown g raph-  
i c a l l y  i n  F i g .  3 f o r  Po i s son ' s  r a t i o  of  O,O, 0.3 ,  and 0.5. I t  
i s  s e e n  t h a t  t h e  s t r e n g t h  o f  t h e  moment s i n g u l a r i t y ,  governed by 
K 1 ,  i n c r e a s e s  r a p i d l y  a s  the p l a t e  t h i c k n e s s  changes  from z e r o  
t o  some f i n i t e ,  b u t  s m a l l ,  v a l u e .  F o r  v = 0.3 and a p l a t e  t h i c k -  
-25- 
n e s s  t o  c r a c k  l e n g t h  r a t i o  o f  0 . 1 ,  t h e  v a l u e  o f  K1 i s  a p p r o x i -  
m a t e l y  62% g r e a t e r  t h a n  t h a t  found f o r  a v a n i s h i n g l y  t h i n  p l a t e .  
In  f a c t ,  i t  can be demons t r a t ed  a n a l y t i c a l l y  t h a t  t h e  r a t e  of 
i n c r e a s e  o f  t h e  K1- fac to r  i s  i n f i n i t e  a t  A = 0 ,  i . e . ,  
The r e q u i r e d  p roof  i s  worked o u t  i n  t h e  Appendix.  
A n  a s sumpt ion  o f  t h e  R e i s s n e r  t h e o r y  o f  p l a t e  bending  i s  t h a t  
t h e  i n - p l a n e  s t r e s s e s  ox ,  0 
n e s s  of t h e  p l a t e :  
and 'I 
Y X Y  
v a r y  l i n e a r l y  over t h e  t h i c k -  
c I M x  7 
i 
I 
For t h i s  r e a s o n ,  some c a u t i o n  must be e x e r c i s e d  i n  t h e  a p p l i c a t i o n  
o f  t h e  r e s u l t s  i n  F i g .  3 when A becomes s u f f i c i e n t l y  l a r g e ,  s i n c e  
n o n l i n e a r  d i s t r i b u t i o n s ,  e s p e c i a l l y  l o c a l  d i s t u r b a n c e s  n e a r  t h e  
c r a c k  edges  and t h e  s u r f a c e s  o f  t h e  p l a t e ,  a r e  no t  accoun ted  f o r  
i n  t h e  p r e s e n t  t h e o r y .  However, f u r t h e r  r e f i n e m e n t s  would l e a d  
t o  a t h r e e - d i m e n s i o n a l  a n a l y s i s  o f  t h e  problem which i s  t h e  s u b -  
j e c t  o f  a n o t h e r  i n v e s t i g a t i o n .  
The s i n g u l a r  b e h a v i o r  of t h e  s o l u t i o n  f o r  t h e  problem of  two 
s e m i - i n f i n i t e  p l a t e s  j o i n e d  a long  a f i n i t e  s egmen t ,  F ig .  2 ,  c an  
-26- 
be deduced i n  t h e  same way. 
imated  by 
From eq .  ( 4 4 ) ,  A 2 ( a )  may be approx-  
The L a u r e n t  e x p a n s i o n s  deve loped  e a r l i e r  f o r  s ( p )  and p ( x , a )  may 
a g a i n  be used  t o  o b t a i n  e x p r e s s i o n s  o f  M i ,  Mi, e t c ,  which a r e  
s i m i l a r  i n  form t o  t h o s e  i n  eqs.  ( 4 7 )  e x c e p t  t h a t  t h e y  a r e  now 
expressed i n  terms o f  t h e  z e r o - o r d e r  Besse l  f u n c t i o n ,  J o ( a a ) .  
The i n t e g r a l s  r e q u i r e d  f o r  t h e  F o u r i e r  i n v e r s i o n  a r e  o f  t h e  t y p e  
and so on. As b e f o r e ,  t h e  s i n g u l a r  t e r m s  a r e  found t o  be 
xr 3 
c o s  [ e  - - ( 0 ,  + e , ) l}  e l  + 8 2 )  { s i n  (- - - YM* 
2 R1 R2 2 
(53 .1  ) 
( 5 3 . 2 )  
- 2 7 -  
v, = v y  = 0 ( 1 )  , a s  R 1 R 2  -+ 0 ( 5 3 , 4 )  
In  t h e  immediate  v i c i n i t y  o f  t h e  c r a c k  t i p  a t  ( 0 ,  - a ) ,  i . e . ,  a s  
R 1 + O ,  e q s .  ( 5 3 )  can be s i m p l i f i e d :  
1 3 
- -  [ c o s  - + - s i n  e l  s i n  - e,]  + O ( 1 )  
2 2 2 
9 
1 3 
[ cos  - e l  - - s i n  e l  s i n  - e,] + O ( 1 )  K1 M = -  
y q  2 2 2 
1 3 
2 
[- s i n  e l  cos  - e l ]  + O(1) K1 H = -  
- = 0 ( 1 )  a s  R1 -+ 0 v x  - vy 
( 5 4 . 1 )  
( 5 4 . 2 )  
( 5 4 . 3 )  
( 5 4 . 4 )  
Here, K1 i s  d e f i n e d  a s  
Unl ike  eq .  ( 5 0 ) ,  t h e  v a l u e  o f  K1 i s  i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  
s q u a r e  r o o t  o f  t h e  o n l y  c h a r a c t e r i s t i c  d i m e n s i o n  i n  t h e  p l a n e  o f  
t h e  p l a t e ,  Note t h a t ,  however, t h e  a n g u l a r  v a r i a t i o n  o f  t h e  s i n -  
g u l a r  p a r t  o f  t h e  moments i s  t h e  same a s  t h a t  s h o w n  i n  eqs.  ( 4 9 )  
f o r  t he  f i n i t e  c r a c k  problem, 
-28-  
To f i n d  t h e  v a r i a t i o n  of y i n  eq .  ( 5 5 )  w i t h  A = h / ( a J n )  
where a i s  t h e  h a l f  b o n d  l e n g t h ,  t h e  i n t e g r a l  e q u a t i o n ,  eq .  (40), 
i s  f i r s t  s o l v e d  n u m e r i c a l l y  on a n  e l e c t r o n i c  computer  f o r  ~ ( 5 )  
from which y i s  c a l c u l a t e d  by means of  eq. (45), F i g u r e  4 i n d i -  
c a t e s  how t h e  s l o p e  o f  t h e  c u r v e  becomes unbounded as x + O ,  i . e .  
a Y  - +  0 , a s  x + 0 a x  
T h i s  c o n d i t i o n  i s  v e r i f i e d  i n  t h e  Appendix.  The s i g n i f i c a n c e  of  
t h i s  r e s u l t  i s  t h a t  t h e  l o c a l  i n t e n s i f i c a t i o n  o f  t h e  bending 
s t r e s s e s  i n c r e a s e s  a p p r e c i a b l y  a s  t h e  p l a t e  t h i c k n e s s  i s  v a r i e d  
s l i g h t l y  from z e r o .  For example,  a s  h i n c r e a s e s  from z e r o  t o  
o n e - t e n t h  t h e  bond l e n g t h ,  K1 i n c r e a s e s  a p p r o x i m a t e l y  6 2 %  f o r  
v = 0.3.  The p o i n t  on t h e  c u r v e  i n  F i g .  4 f o r  A = 0 c o r r e s p o n d s  
t o  y = ( 1 + v ) / ( 3 + v ) .  
F i n a l l y ,  i t  s h o u l d  be mentioned t h a t  t h e  p r e s e n t  method o f  
s o l u t i o n  can a l s o  be a p p l i e d  t o  s o l v e  boundary problems o f  c r a c k e d  
p l a t e s  o w i n g  t o  skew-symmetric bending l o a d s  such  a s  t w i s t i n g  mo- 
ments, The same t y p e  of r e s u l t s  would be e x p e c t e d ,  
A P P E N D I X  
The proof  t h a t  t h e  s l o p e s  of t h e  c u r v e s  i n  F i g s .  3 and 4 be- 
come i n f i n i t e  a t  x = 0 w i l l  now be g i v e n .  To t h i s  end,  i t  s u f -  
f i c e s  t o  show t h a t  t h e  e x p r e s s i o n s  a @ ( l ) / a x  a n d  a y / a x  become u n -  
bounded i n  t h e  l i m i t  a s  A + O .  
-29 -  
D i f f e r e n t i a t i n g  t h e  Fredholm i n t e g r a l  e q u a t i o n  g i v e n  by 
eq.  ( 2 3 )  w i t h  r e s p e c t  t o  x g i v e s  
i n  which 
As x + O ,  i t  can be e a s i l y  e s t a b l i s h e d  t h a t  
1 00 1 
l im 1 a F ( : ; I n )  @(n) d n  = - 3+u 4G I s 2  J o ( ~ s )  d s  I rl J o ( q s )  d n  
x+o 0 0 0 
Remembering t h a t  
-30- 
a n d  s e t t i n g  6 = 1 ,  e q ,  ( 5 7 )  y i e l d s  t h e  r e s u l t  
lim ' * ( ' I  a x  = s J o ( s )  J 1 ( s )  d s  
x -+O 
S i n c e  t h e  i n t e g r a n d  may be w r i t t e n  as 
( 2  + s i n  2 s )  1 4s s J,(s) J l ( S )  = ; [- C O S  2 s  + 
1 + O(+] a s  s + m 
t h e  i n t e g r a l  i n  eq.  ( 5 8 )  becomes unbounded a t  t h e  upper  l i m i t  and 
t h u s  eq .  ( 5 1 )  i s  v e r i f i e d .  
To e s t a b l i s h  eq.  ( 5 6 ) ,  t h e  same l i n e  of  r e a s o n i n g  may be f o l -  
lowed. S t a r t i n g  from e q ,  ( 4 0 )  i n  t h e  form 
5 < 1  
w i t h  
( 5 9 )  
-31 - 
i t  can be s h o w n  t h a t  
1 
+ -  j' a G ( c s Q )  [ l i m  a ( ~  - 1 + E ) ]  d n  
a x  E+O l + v  
s i n c e  
and 
2 4 ( l + v )  h ( 0 )  = - 3+v 9 h ' b )  = - 
Equa t ion  ( 6 0 )  may be s i m p l i f i e d  and r e a r r a n g e d  t o  r e a d  a s  
and hence i t  f o l l o w s  from eq. ( 4 5 )  t h a t  
where t h e  i n t e g r a n d  i s  g iven  by 
m e G ( c , l )  = - wL 5 ,f s 2  JO(Es) J0(s) ds  
0 
C a r r y i n g  o u t  the  i n t e g r a t i o n  y i e l d s  
-32- 
1 01 
a y  - 4 ( 1 + v )  I t d g  I s 2  J0(ss) Jo(s) d s  
0 0 
l i m  ah - (3+v)= 
X-tO 
= wL s J o ( s )  J , ( s )  d s  -f 03 
which i s  t h e  same a s  e q ,  ( 5 8 ) .  T h i s  c o m p l e t e s  the  p r o o f  o f  e q .  
( 5 6 )  
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T I T L E  O F  F I G U R E S  
F I G U R E  1 - F I N I T E  C R A C K  I N  I N F I N I T E  P L A T E  
F I G U R E  2 - S E M I - I N F I N I T E  C R A C K S  I N  I N F I N I T E  P L A T E  
F I G U R E  3 - M O M E N T  I N T E N S I T Y  V E R S U S  R A T I O  O F  P L A T E  T H I C K N E S S  T O  
H A L F  C R A C K  L E N G T H  
F I G U R E  4 - M O M E N T  I N T E N S I T Y  V E R S U S  R A T I O  O F  P L A T E  T H I C K N E S S  T O  
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